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Abstract The Weyl tensor is the trace-free part of the
Riemann tensor. Therefore, it is independent of the energy-
momentum tensor and is thus not linked to the dynamics
of gravitational fields. In this paper, we explore its possible
thermodynamical property (i.e. its relationship with the
black hole entropy). For a Schwarzschild black hole, the
Weyl scalar invariant, CµνλρCµνλρ , is proportional to its
Bekenstein–Hawking entropy. This observation inspires us
to interpret CµνλρCµνλρ as the entropy density of the
gravitational fields of black holes. A dimensional anal-
ysis indicates that this interpretation is only valid in 5-
dimensional space-time. We calculate the volume integrals
of CµνλρCµνλρ for the 5-dimensional Schwarzschild and
Schwarzschild–anti-de Sitter black holes, and find that these
integrals indeed lead to the correct entropy formulae, only
up to some coefficients.
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1 Introduction
From a mathematical point of view, the curvature of a
manifold is measured by the 4th-order Riemann tensor
Rµνλρ . In an n-dimensional space-time, the Riemann tensor
can be decomposed into the Ricci sector and the Weyl sector,
Rµνλρ =
1
n−2 (gµλRνρ +gνρRµλ −gνλRµρ −gµρRνλ )
+
1
(n−1)(n−2) (gµρgνλ −gµλgνρ)R+Cµνλρ ,
(1)
with Rµν being the 2nd-order Ricci tensor, R the Ricci
scalar, and Cµνλρ the 4th-order Weyl tensor (namely, Rie-
mann = Ricci + Weyl). However, in the theory of general
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relativity, the Einstein equations only associate the 2nd-
order Ricci tensor Rµν with the energy-momentum tensor.
Therefore, a natural question is why the information en-
coded in the Weyl tensor is absent in general relativity. In
other words, what is the role of the Weyl tensor in the theory
of gravitation?
The Weyl tensor may be considered as a part of the Rie-
mann tensor, containing the components not captured by the
Ricci tensor. Thus, the Weyl tensor is locally independent
of the energy-momentum tensor, so it may be viewed as a
purely geometrical description of the curvature of a space-
time. As a consequence, the Weyl tensor is linked not to the
dynamical, but possibly to the thermodynamical aspects of
gravitational fields. One of the exploration in this direction
is the “Weyl curvature conjecture”, or the so-called “Penrose
conjecture” [1].
Before explaining the Penrose conjecture, we briefly list
the mathematical properties of the Weyl tensor. From Eq.
(1), the Weyl tensor shares the same symmetries as the Rie-
mann tensor:Cµνλρ =−Cνµλρ =−Cµνρλ ,Cµνλρ =Cλρµν ,
and Cµνλρ +Cµλρν +Cµρνλ = 0. Also, the Weyl tensor is
traceless: Cλ µλν = 0. Therefore, the full contraction of the
Weyl tensor, CµνλρCµνλρ , is the principal scalar invariant
that one can construct. In addition, an important theorem
on the Weyl tensor is that the metric of a space-time is
comformally flat, if its Weyl tensor vanishes [2].
From these properties, Penrose conjectured that some
scalar invariant of the Weyl tensor (e.g. CµνλρCµνλρ ) is
a monotonically growing function of time and could thus
be identified with the gravitational entropy of the universe.
This conjecture can be understood in the following way. The
Friedmann–Robertson–Walker space-time is conformally
flat and thus has vanishing Weyl tensor but non-vanishing
Ricci tensor, whereas a Schwarzschild black hole solution
has vanishing Ricci tensor but non-vanishing Weyl tensor.
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2During the evolution, our universe evolves from an almost
homogeneous and isotropic space-time to an ensemble of
randomly distributed black holes in the far future. Therefore,
the Weyl tensor grows relative to the Ricci tensor in the
universe. A monotonically growing function reminds us of
the second law of thermodynamics, so Penrose conjectured
that the Weyl tensor is somehow related to the gravitational
entropy in the universe. Some early works to comprehend
the Penrose conjecture in the theory of gravitation can be
found in Ref. [3] and in cosmology in Ref. [4].
However, despite various attempts, to our present knowl-
edge, Penrose’s idea has never been realized beyond qual-
itative arguments, or been mathematically formulated in a
rigorous way. In fact, even the precise notion of entropy and
its relationship to the Weyl tensor are still unclear and have
to be specified. The aim of this paper is just to investigate
some possible connection between them. In the following
two sections, we explore the possibility to calculate the
entropy of Schwarzschild and Schwarzschild–anti-de Sitter
black holes via the Weyl scalar invariant respectively.
2 Entropy of the Schwarzschild black hole from the
Weyl scalar invariant
Below, we choose the natural unit system, with c = h¯ =
kB = 1, but we keep the gravitational constant G, as we
will work in different dimensional space-times, in which the
gravitational constants are not the same.
The metric of a Schwarzschild black hole with mass M
reads
ds2 =−
(
1− RS
r
)
dt2+
(
1− RS
r
)−1
dr2
+ r2(dθ 2+ sin2 θ dφ 2),
where RS = 2GM is the Schwarzschild radius. From this
metric, the corresponding Weyl scalar invariant is
CµνλρC
µνλρ =
48(GM)2
r6
=
12R2S
r6
. (2)
Meanwhile, the Bekenstein–Hawking entropy S of the Sch-
warzschild black hole is [5]
S=
A
4G
=
4piR2S
4G
, (3)
where A = 4piR2S is the area of its horizon. From Eqs. (2)
and (3), we clearly see that CµνλρCµνλρ is proportional to
S. From this proportion, we naturally wonder if there is some
latent relationship between the Weyl tensor and the entropy
of black holes and gravitational fields.
We see from Eq. (2) that CµνλρCµνλρ is coordinate-
dependent (i.e. it is the function of the radial coordinate r).
This observation inspires us to interpret it as the entropy
density of the gravitational field of the Schwarzschild black
hole, and its volume integral may thus give the Bekenstein–
Hawking entropy.
However, a further consideration easily invalidates this
simple attempt. The dimension of the Weyl tensor, [Cµνλρ ],
is +2 in the natural unit system, so the dimension of the
Weyl scalar invariant, [CµνλρCµνλρ ], should be +4. On the
other hand, in a 4-dimensional space-time, the dimension
of volume element is −3. Therefore, we are not allowed to
expect CµνλρCµνλρ as the entropy density of gravitational
field, as its volume integral should have dimension +1, but
entropy itself is dimensionless in the natural unit system.
This observation enlightens us to regardCµνλρCµνλρ as
the entropy density in a 5-dimensional space-time, in which
the dimension of volume element is −4. Hence, the volume
integral∫
CµνλρC
µνλρ dV4 (4)
is dimensionless. We will show in the following that this
integral does lead to the correct entropy formulae for the 5-
dimensional Schwarzschild and Schwarzschild–anti-de Sit-
ter black holes, only up to some coefficients.
The integral in Eq. (4) consists of three parts: the
integrand CµνλρCµνλρ , the 4-dimensional invariant volume
element dV4, and the domain of integration. Below, we
discuss them in order.
(1) For CµνλρCµνλρ , from Eq. (1), the explicit form of
the Weyl tensor in 5-dimensional space-time is
Cµνλρ =Rµνλρ +
1
3
(gνλRµρ +gµρRνλ −gµλRνρ
−gνρRµλ )+
1
12
(gνρgµλ −gνλgµρ)R. (5)
The metric of the 5-dimensional Schwarzschild black hole
with mass M reads [6]
ds2 =−
(
1− R
2
5
r2
)
dt2+
(
1− R
2
5
r2
)−1
dr2
+ r2(dθ 2+ sin2 θ dφ 2+ sin2 θ sin2 φ dψ2), (6)
where
R5 =
√
8G5M
3pi
is the 5-dimensional Schwarzschild radius, and G5 is the
gravitational constant in 5-dimensional space-time.
From Eqs. (5) and (6), a direct calculation arrives at
CµνλρC
µνλρ =
72R45
r8
. (7)
3This contraction can also be obtained via the relation,
CµνλρC
µνλρ =RµνλρR
µνλρ − 4
n−2RµνR
µν
+
2
(n−1)(n−2)R
2,
where RµνλρRµνλρ is the Kretschmann scalar invariant.
The calculation of CµνλρCµνλρ in this way is much easier,
since both the Ricci tensor and Ricci scalar vanish for the
Schwarzschild metric.
(2) For dV4, from Eq. (6), we have
dV4 = r3
√
|grr|drdΩ3,
where dΩ3 is the solid angle element of the 3-dimensional
sphere in 4-dimensional space. We may first integrate the
angular parts, and∫
CµνλρC
µνλρ dV4 =
∫
CµνλρC
µνλρr3
√
|grr|drdΩ3
= 2pi2
∫
CµνλρC
µνλρr3
√
|grr|dr, (8)
where
∫
dΩ3 = 2pi2 is the solid angle of the 3-dimensional
sphere, and
√|grr|dr = |1− R25/r2|−1/2 dr is the proper
distance element in the radial direction.
(3) For the domain of integration of the radial coordinate
r, the upper limit can be safely set to be infinity, but the lower
limit cannot be taken as 0, which diverges the integral in
Eq. (4). Actually, the classical theory of general relativity is
invalid at extremely small radius (about the Planck length).
Therefore, we first simply set the lower limit of r to be the
5-dimensional Planck length l5, which can be expressed in
terms of the 5-dimensional gravitational constant G5 as [7]
l5 = 3
√
G5.
With all these preparations, substituting Eq. (7) into (8),
we attain the volume integral of the Weyl scalar invariant for
the 5-dimensional Schwarzschild black hole,∫
CµνλρC
µνλρ dV4 =
∫ ∞
l5
72R45
r8
2pi2r3 dr√∣∣∣1− R25r2 ∣∣∣
=144pi2R45
∫ R5
l5
dr
r5
√
R25
r2 −1
+
∫ ∞
R5
dr
r5
√
1− R25r2

=48pi2

[(
R5
l5
)3
+
2R5
l5
]√
1−
(
l5
R5
)2
+2
 .
This result seems lengthy at first glance, but in fact not.
As the Schwarzschild radius of a typical celestial body is
always much larger than the Planck length, so in the limit
R5  l5, the above result can be significantly simplified,
with the leading term being∫
CµνλρC
µνλρ dV4 ≈ 48pi2
(
R5
l5
)3
. (9)
On the other hand, the Bekenstein–Hawking entropy for
the 5-dimensional Schwarzschild black hole is
S5 =
A5
4G5
=
pi2
2
(
R5
l5
)3
,
where A5 = 2pi2R35 is the area (i.e. the 3-dimensional vol-
ume) of its horizon. To this point, we eventually find that
the volume integral of the Weyl scalar invariant indeed leads
to the correct entropy formula, only up to a trivial numerical
coefficient,
S5 =
1
96
∫
CµνλρC
µνλρ dV4.
From this result, we are convinced that the interpretation
of the Weyl scalar invariant CµνλρCµνλρ as the entropy
density for the 5-dimensional Schwarzschild black hole is
reasonable.
3 Entropy of the Schwarzschild–anti-de Sitter black
hole from the Weyl scalar invariant
Till now, we only discuss the simplest Schwarzschild black
hole solution, for which the Weyl tensor is identical to the
Riemann tensor,Cµνλρ =Rµνλρ , and the Weyl scalar invari-
ant coincides with the Kretschmann scalar invariant, so the
characteristic of the Weyl tensor is not distinct. Therefore,
we further explore a more complicated black hole with non-
vanishing Ricci tensor and Ricci scalar: the Schwarzschild–
anti-de Sitter solution (i.e. the Schwarzschild solution with a
cosmological constantΛ < 0). In 5-dimensional space-time,
its metric reads
ds2 =−
(
1− R
2
5
r2
− Λr
2
6
)
dt2+
(
1− R
2
5
r2
− Λr
2
6
)−1
dr2
+ r2(dθ 2+ sin2 θ dφ 2+ sin2 θ sin2 φ dψ2), (10)
In this case, both the Ricci tensor and Ricci scalar are
non-vanishing: Rµν = 23Λgµν and R =
10
3 Λ . Therefore, the
difference between the Weyl and Riemann tensors becomes
much more notable. It is straightforward to see that the
Kretschmann scalar invariant now receives a modification
from the cosmological constant,
RµνλρR
µνλρ =
72R45
r8
+
10Λ 2
9
, (11)
but the Weyl scalar invariant remains unchanged,
CµνλρC
µνλρ =
72R45
r8
. (12)
4These results strongly support our interpretation of the Weyl
scalar invariant, not the Kretschmann scalar invariant, as the
entropy density of gravitational field. Below, we perform the
parallel procedure for the volume integral in Eq. (4), in order
to check the validity of our interpretation.
In the similar way, we have∫
CµνλρC
µνλρ dV4 =
∫ ∞
l5
72R45
r8
2pi2r3 dr√∣∣∣1− R25r2 − Λr26 ∣∣∣
=144pi2R45
∫ R′5
l5
dr
r5
√
R25
r2 +
Λr2
6 −1
+
∫ ∞
R′5
dr
r5
√
1− R25r2 − Λr
2
6
 , (13)
where
R′5 =
√√√√√ 3
Λ
1−
√
1− 2ΛR
2
5
3
 (14)
is the unique zero for 1−R25/r2−Λr2/6 (since Λ < 0).
The results of the integrals in Eq. (13) can be expressed
analytically via the elliptic functions, which depend on
R5 and Λ . However, the exact but tedious expressions are
irrelevant, but only the leading term is important,∫
CµνλρC
µνλρ dV4 ≈ 48pi2
(
R5
l5
)3
.
This result is the same as that in Eq. (9), indicating that
the cosmological constant does not significantly affect the
integral in Eq. (13). This fact is not difficult to understand,
as the cosmological constant contributes to the integral only
at large r, where its effect is dominantly suppressed by the
factor 1/r8 in the Weyl scalar invariant, so we arrive at the
same result in Eq. (9).
Meanwhile, the Bekenstein–Hawking entropy for the 5-
dimensional Schwarzschild–anti-de Sitter black hole is [8]
S5 =
A′5
4G5
=
pi2
2
(
R′5
l5
)3
,
where A′5 = 2pi
2R′5
3 is the area (i.e. the 3-dimensional
volume) of its horizon. Thus, we have
S′5 =
1
96
(
R′5
R5
)3 ∫
CµνλρC
µνλρ dV4.
Hence, we again obtain the entropy formula, but this time
the coefficient is Λ -dependent. From Eq. (14), for a small
negativeΛ , (R′5/R5)
3→ 1; for a large negativeΛ , (R′5/R5)3→
[6/(−ΛR25)]3/4. Although the coefficient varies with Λ , the
proportion remains the same.
In short, for the 5-dimensional Schwarzschild–anti-de
Sitter black hole, for which the Weyl tensor deviates from
the Riemann tensor, Cµνλρ 6= Rµνλρ , we are still able
to obtain the Bekenstein–Hawking entropy by integrat-
ing the Weyl scalar invariant CµνλρCµνλρ , as the effect
of the cosmological constant is suppressed at large ra-
dius. Especially, from Eqs. (11) and (12), we explicitly see
the difference between the Kretschmann scalar invariant
RµνλρRµνλρ and the Weyl scalar invariant CµνλρCµνλρ .
We find that CµνλρCµνλρ is not altered in the presence
of the cosmological constant, and this fact strengthens our
interpretation of the Weyl scalar invariant as the entropy
density, but not the Kretschmann scalar invariant, since it
receives a constant modification 10Λ 2/9 from the cosmo-
logical constant, which diverges the volume integral when r
goes to infinity.
Here, we should also mention that the thermodynamics
of the Schwarzschild–de Sitter black hole (i.e. the Schwarz-
schild solution with a positive cosmological constant) is
not a well-defined issue [9], and we skip the corresponding
discussion in the present paper.
4 Conclusions and discussions
Finally, we give some brief discussions on our work. The
issue of entropy is one of the central problems in black
hole thermodynamics [10], and the Penrose conjecture on
the Weyl tensor is one of the possible ways to approach
this issue. We try in this paper to physically confirm and
mathematically formulate the Penrose conjecture, i.e. we ex-
plore the latent relationship between the Weyl tensor and the
entropy of gravitational fields. We take the Schwarzschild
and Schwarzschild–anti-de Sitter black holes as examples
and find that we may interpret the Weyl scalar invariant
CµνλρCµνλρ as their entropy densities, but this should be
realized in 5-dimensional space-time from the dimensional
analysis. We perform the volume integral of CµνλρCµνλρ
from the 5-dimensional Planck length to infinity, and dis-
cover that this volume integral really results in the correct
Bekenstein–Hawking entropy formulae, only up to some
coefficients.
At the same time, we should also point out the lim-
its of our work. First, our calculation only applies in 5-
dimensional space-time, but not the 4-dimensional space-
time that we live in. We may otherwise imagine that the
mass of the 5-dimensional black hole is distributed on an
extra dimension, and if this dimension is wrapped to an
extremely small scale, we can still utilize our method to
calculate the volume integral of the corresponding Weyl
scalar invariant. But in this case, what we face is to calculate
the metric and the Weyl tensor of a black string, and this
calculation is much more complicated and is thus beyond
5our preliminary exploration. (For the metric solution for a
black string, see Ref. [11].) Second, we should admit that it
is difficult to extend our results to the more general black
holes (e.g. the charged Reissner–Nordström black hole),
because its geometry near the origin is quite different from
that of the Schwarzschild and Schwarzschild–anti-de Sitter
black holes.
In summary, our work helps to understand Penrose’s
idea and indicates that the Weyl tensor may be related to
the entropy of gravitational fields, but some difficulties are
still to be overcome. This exploration leads us to investigate
whether there exist equations that are parallel to the Einstein
equations and quantify the thermodynamical relationship
between space-time and matter. These equations are ex-
pected to relate the Weyl tensor to the thermodynamical
concepts such as entropy and temperature, and we wish that
our work would be conducive to the research in this direction
in future.
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